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Sucre,Sincelejo-Colombia

1carpintero.carlos@gmail.com, 2ennisrafael@gmail.com, erosas@cuc.edu.co, 3ogarciam554@gmail.com, 4jesanabri@gmail.com

Abstract

In this paper we describe the behavior of Weyl type theorems or Weyl type properties, for an operator T on a proper
closed and T -invariant subspace W ⊆ X such that T n(X) ⊆ W, for some n ≥ 1, where T ∈ L(X) and X is an infinite-
dimensional complex Banach space. Our main purpose is to show that for these subspaces (which generalize the case
T n(X) closed, for some n ≥ 0) a large number of Weyl type theorems are transmitted from T to its restriction on W
and vice-versa. As application of our results, we obtain conditions for which Weyl type theorems are equivalent for two
given operators. Also, we give conditions under which an operator acting on a subspace can be extended on the entire
space preserving the Weyl type properties.
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1. Introduction

In 1909, H. Weyl [31] studied the spectra of compact perturbations for a Hermitian operator and showed
that a point belong to spectra of all compact perturbations of the operator if and only if this point is not
an isolated point of finite multiplicity in the spectrum of the operator. L. Coburn [18] was one of the first
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to make a systematic investigation about this result and introduced in abstract form the Weyl’s theorem for
operators acting on a Banach space. Later, W. Rakočević [26] introduce a stronger property, called a-Weyl’s
theorem. Berkani and Koliha [11] introduced generalized versions for the Weyl’s theorems by using some
spectra of a new theory of semi B-Fredholm operators given in [9]. After them many authors have intro-
duced and studied a large number of spectral properties associated to an operator by using spectra derived
from either Fredholm operators theory or B-Fredholm operators theory. Today all these results are known
as Weyl type theorems or Weyl type properties and over the last years there has been a considerable interest
to study these properties in operator theory. On the other hand B. Barnes [5](resp. [6]) studied the relations-
hip between some properties of an operator and its extensions (resp. restrictions) on certain superspaces
(resp. subspaces) and showed that some Fredholm properties (resp. closed range and generalized inverses)
are transmitted from the operator to its extensions (resp. restrictions). Recently Carpintero et al., [14], [15],
[16] and [17], obtained conditions under which a large number of Weyl type theorems are transmitted from
T to its restriction on W and vice-versa, using the same framework dealt by Barnes [6] (which extends the
context treated by Berkani [7]). In this paper of divulgative-pedagogic character, we intend to introduce to
reader in these topics through several recent results about the behavior of Weyl type theorems or Weyl type
properties, for an operator T on a proper closed and T -invariant subspace W ⊆ X such that T n(X) ⊆ W, for
some n ≥ 1, where T ∈ L(X) and X is an infinite-dimensional complex Banach space. Our main purpose
is to show that for these subspaces (which generalize the cases given in [7], [19] and [21]) a large number
of Weyl type theorems are transmitted from T to its restriction on W and vice-versa. As application of our
results, we obtain conditions for which Weyl type theorems are equivalent for two given operators. Also, we
give conditions under which an operator acting on a subspace can be extended on the entire space preserving
the Weyl type properties [17].

2. Preliminaries

In the sequel of this paper, L(X) denotes the algebra of all bounded linear operators acting on an infinite-
dimensional complex Banach space X. The classes of operators studied in the classical Fredholm theory
generate several spectra associated with an operator T ∈ L(X). The Fredholm spectrum is defined by

σf(T ) = {λ ∈ C : λI − T is not Fredholm},

and the upper semi-Fredholm spectrum is defined by

σuf(T ) = {λ ∈ C : λI − T is not upper semi-Fredholm}.

The Browder spectrum and the Weyl spectrum are defined, respectively, by

σb(T ) = {λ ∈ C : λI − T is not Browder},

and
σw(T ) = {λ ∈ C : λI − T is not Weyl}.

Since every Browder operator is Weyl, σw(T ) ⊆ σb(T ). Analogously, the upper semi-Browder spectrum and
the upper semi-Weyl spectrum are defined by

σub(T ) = {λ ∈ C : λI − T is not upper semi-Browder},
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and
σuw(T ) = {λ ∈ C : λI − T is not upper semi-Weyl}.

For further information on Fredholm operators theory, we refer to [1] and [23].

According to notation given in [7] and [9], Tn denotes the restriction of T ∈ L(X) on the subspace
R(T n) = T n(X). Also, T ∈ L(X) is said to be B-Fredholm (resp. upper semi B-Fredholm, lower semi B-
Fredholm, semi B-Fredholm, B-Browder, upper semi B-Browder, lower semi B-Browder), if for some integer
n ≥ 0 the range R(T n) is closed and Tn, viewed as an operator from the space R(T n) into itself, is a Fredholm
(resp. upper semi-Fredholm, lower semi-Fredholm, semi-Fredholm, Browder, upper semi-Browder, lower
semi-Browder). If Tn is a semi-Fredholm operator, it follows from [9, Proposition 2.1] that also Tm is semi-
Fredholm for every m ≥ n, and ind Tm = ind Tn. This enables us to define the index of a semi B-Fredholm
operator T as the index of the semi-Fredholm operator Tn. Thus, T ∈ L(X) is said to be a B-Weyl operator if
T is a B-Fredholm operator having index 0. T ∈ L(X) is said to be upper semi B-Weyl (resp. lower semi B-
Weyl) if T is upper semi B-Fredholm (resp. lower semi B-Fredholm) with index ind T ≤ 0 (resp. ind T ≥ 0).
Note that if T is B-Fredholm and T ∗ denotes the dual of T , then also T ∗ is B-Fredholm with ind T ∗ = −ind T .

The spectra related with semi B-Fredholm operators are defined as follows. The B-Browder spectrum is
defined by

σbb(T ) = {λ ∈ C : λI − T is not B-Browder},

while the B-Weyl spectrum is defined by

σbw(T ) = {λ ∈ C : λI − T is not B-Weyl}.

Another class of operators related with semi B-Fredholm operators is the quasi-Fredholm operators defined
in the sequel. Previously, we consider the following set.

∆(T ) = {n ∈ N : m ≥ n,m ∈ N⇒ T n(X) ∩ N(T ) ⊆ T m(X) ∩ N(T )}.

The degree of stable iteration is defined as dis(T ) = ı́nf ∆(T ) if ∆(T ) , ∅, while dis(T ) = ∞ if ∆(T ) = ∅.

Definición 2.1. T ∈ L(X) is said to be quasi-Fredholm of degree d, if there exists d ∈ N such that:
(a) dis(T ) = d,
(b) T n(X) is a closed subspace of X for each n ≥ d,
(c) T (X) + N(T d) is a closed subspace of X.

It should be noted that by [9, Proposition 2.5], every semi B-Fredholm operator is quasi-Fredholm. For
further information on quasi-Fredholm operators, we refer to [2], [3], [8] and [9].

An operator T ∈ L(X) is said to have the single valued extension property at λ0 ∈ C (abbreviated, SVEP
at λ0)[20], if for every open disc Dλ0 ⊆ C centered at λ0 the only analytic function f : Dλ0 → X which
satisfies the equation

(λI − T ) f (λ) = 0 for all λ ∈ Dλ0 ,

is the function f ≡ 0 on Dλ0 . The operator T is said to have SVEP if T has the SVEP at every point λ ∈ C.
Evidently, T ∈ L(X) has SVEP at every point of the resolvent ρ(T ) = C \ σ(T ). Also, the single valued
extension property is inherited by restrictions on invariant closed subspaces. Moreover, from the identity
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theorem for analytic functions it is easily seen that T has SVEP at every point of the boundary ∂σ(T ) of the
spectrum. In particular, T has SVEP at every isolated point of the spectrum. Note that (see [1, Theorem 3.8])

p(λI − T ) < ∞ ⇒ T has SVEP at λ, (1)

and dually
q(λI − T ) < ∞ ⇒ T ∗ has SVEP at λ. (2)

Recall that T ∈ L(X) is said to be bounded below if T is injective and has closed range. Denote by σap(T )
the classical approximate point spectrum defined by

σap(T ) = {λ ∈ C : λI − T is not bounded below}.

Note that if σsu(T ) denotes the surjectivity spectrum

σsu(T ) = {λ ∈ C : λI − T is not onto},

then σap(T ) = σsu(T ∗), σsu(T ) = σap(T ∗) and σ(T ) = σap(T ) ∪ σsu(T ).

It is easily seen from definition of localized SVEP, that

λ < accσap(T )⇒ T has SVEP at λ, (3)

and
λ < accσsu(T )⇒ T ∗ has SVEP at λ, (4)

where acc K means the set of all accumulation points of a subset K ⊆ C.

Observación 2.2. The implications (1), (2), (3) and (4) are actually equivalences, if T ∈ L(X) is semi-
Fredholm (see [1, Chapter 3]). More generally, if T ∈ L(X) is quasi-Fredholm (see [2]). On the other hand
σb(T ) = σw(T ) ∪ accσ(T ), σub(T ) = σuw(T ) ∪ accσap(T ) and σ(T ) = σap(T ) ∪ Ξ(T ), where Ξ(T ) denote
the set {λ ∈ C : T does not have SVEP at λ} (see [1, Chapter 3]).

In the following definition we summarize a large number of properties associated to an operator, called
Weyl type theorems or Weyl type properties.

Definición 2.3. An operator T ∈ L(X) is said to satisfy property:

(i) (w), if σap(T ) \ σuw(T ) = π00(T ) ([27]);
(ii) (aw), if σ(T ) \ σw(T ) = πa

00(T ) ([12]);
(iii) (b), if σap(T ) \ σuw(T ) = p00(T ) ([10],[13]);
(iv) (ab), if σ(T ) \ σw(T ) = pa

00(T ) ([12]);
(v) (z) if σ(T ) \ σuw(T ) = πa

00(T ) ([29]);
(vi) (az), if σ(T ) \ σuw(T ) = pa

00(T ) ([29]);
(vii) (h), if σ(T ) \ σuw(T ) = π00(T ) ([28],[30]);

(viii) (ah), if σ(T ) \ σuw(T ) = p00(T ) ([28],[30]);

Also, T is said to satisfy:

(ix) Browder’s theorem, if σw(T ) = σb(T ) ([22]);
(x) a-Browder’s theorem, if σuw(T ) = σub(T ) ([27]);
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(xi) generalized Browder’s theorem, if σbw(T ) = σbb(T ) ([22]);
(xii) Weyl’s theorem, if σ(T ) \ σw(T ) = π00(T ) ([18]);

(xiii) a-Weyl’s theorem, if σap(T ) \ σuw(T ) = πa
00(T ) ([26]);

where

p00(T ) = σ(T ) \ σb(T ),
pa

00(T ) = σap(T ) \ σub(T ),
π00(T ) = {λ ∈ isoσ(T ) : 0 < α(λI − T ) < ∞},
πa

00(T ) = {λ ∈ isoσap(T ) : 0 < α(λI − T ) < ∞},

and iso K denote the set of all isolated points of a subset K ⊆ C.

As in Barnes [6], in the sequel of this paper we always assume that W is a proper closed subspace of a
Banach space X. Also, we denote

P(X,W) = {T ∈ L(X) : T (W) ⊆ W and for some integer n ≥ 1,T n(X) ⊆ W}.

For each T ∈ P(X,W), TW denote the restriction of T on the subspace T -invariant W of X. Observe that
0 ∈ σsu(T ) for all T ∈ P(X,W). Because, T ∈ P(X,W) and T onto implies that X = T n(X) ⊆ W, for some
n ≥ 1, contradicting our assumption that W is a proper subspace of a X. Later we shall see that σsu(T ) and
σsu(TW ) may differ only in 0.

3. Operator T versus operator TW

In this section we present some fundamental facts related with the parameters given in the previous sec-
tion for an operator T and its restriction TW .

Lema 3.1. (see [14, Lemma 3.3]) If T ∈ P(X,W), then for all λ , 0:

(i) N((λI − TW )m) = N((λI − T )m), for any m,
(ii) R((λI − TW )m) = R((λI − T )m) ∩W, for any m,

(iii) α(λI − TW ) = α(λI − T ),
(iv) p(λI − TW ) = p(λI − T ),
(v) β(λI − TW ) = β(λI − T ).

Moreover, we have the following equivalences.

Lema 3.2. (see [14, Lemma 3.4]) If T ∈ P(X,W), then:

(i) p(T ) < ∞ if and only if p(TW ) < ∞,
(ii) q(T ) < ∞ if and only if q(TW ) < ∞.

Teorema 3.3. (see [14, Teorema 3.6]) If T ∈ P(X,W) and p(T ) = ∞, or q(T ) = ∞, then the following
equalities are true:

(i) σsu(T ) = σsu(TW );
(ii) σap(T ) = σap(TW );

(iii) σ(T ) = σ(TW );
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(iv) σw(T ) = σw(TW );
(v) σuw(T ) = σuw(TW );

(vi) σb(T ) = σb(TW );
(vii) σub(T ) = σub(TW );

(viii) σf(T ) = σf(TW );
(ix) σuf(T ) = σuf(TW ).

Observación 3.4. Recall that for T ∈ L(X), 0 < p(λI − T ) = q(λI − T ) < ∞ precisely when λ is a pole
of the resolvent of T (see [23, Prop. 50.2]). Also, is well known that if λ is a pole of the resolvent of T ,
then λ ∈ isoσ(T ). Evidently, if λ ∈ isoσ(T ) then λ ∈ ∂σ(T ). Thus, for T ∈ P(X,W), if 0 < isoσ(T ) (resp.
0 < ∂σ(T ), 0 ∈ Ξ(T ), 0 ∈ Ξ(T ∗)) then p(T ) = ∞ or q(T ) = ∞. Therefore, the conclusions of Theorem
3.3 remain true if the hypothesis p(T ) = ∞ or q(T ) = ∞ is replaced by one of the following hypothesis:
0 < isoσ(T ), 0 < ∂σ(T ), 0 ∈ Ξ(T ) or 0 ∈ Ξ(T ∗). On the other hand, according to Lemma 3.2 we can
change the hypothesis p(T ) = ∞ or q(T ) = ∞ by p(TW ) = ∞ or q(TW ) = ∞ in the Theorem 3.3. Hence, the
conclusions of Theorem 3.3 remain true if the hypothesis p(T ) = ∞ or q(T ) = ∞ is replaced by one of the
following hypothesis: 0 < isoσ(TW ), 0 < ∂σ(TW ), 0 ∈ Ξ(TW ) or 0 ∈ Ξ((TW )∗).

4. Weyl type theorems for T versus Weyl type theorems for TW

In this section we present the main results of this paper. We show that, for all T ∈ P(X,W), Weyl type
theorems studied in section two are transmitted from T to its restriction TW and vice-versa.

By Lemma 3.1, Theorem 3.3 and Remark 3.4, we obtain the following consequences.

Lema 4.1. (see [17, Lemma 4.1]) If T ∈ P(X,W) and q(T ) = ∞, or p(T ) = ∞, then the following relations
are true:

(i) p00(T ) = p00(TW );
(ii) pa

00(T ) = pa
00(TW ).

Demostración. It follows from Theorem 3.3.

Lema 4.2. (see [17, Lemma 4.2]) If T ∈ P(X,W) and 0 < isoσ(T ), then the following equalities are true:

(i) p00(T ) = p00(TW );
(ii) pa

00(T ) = pa
00(TW );

(iii) π00(T ) = π00(TW );
(iv) πa

00(T ) = πa
00(TW ).

Demostración. (i) and (ii) follows from Theorem 3.3 and Remark 3.4.

(iii) Suppose that λ ∈ π00(T ), then λ ∈ isoσ(T ) and 0 < α(λI − T ) < ∞. Assuming that 0 is not an
isolated point of σ(T ), then λ , 0. Thus, from Lemma 3.1, Theorem 3.3 and Remark 3.4, follows that
0 < α(λI − TW ) = α(λI − T ) < ∞ and λ ∈ isoσ(T ) = isoσ(TW ). Hence λ ∈ π00(TW ), and we have the inclu-
sion π00(T ) ⊆ π00(TW ). Similarly, by the same argument above, we can prove the inclusion π00(TW ) ⊆ π00(T ).

(iv) The proof is analogous to that of part (iii).
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Now, we are ready to prove the main results.

Teorema 4.3. (see [17, Theorem 4.3]) If T ∈ P(X,W) and q(T ) = ∞, or p(T ) = ∞, then (iii) (resp.,(iv),
(vi), (viii), (ix), (x), (xi)) in Definition 2.3 holds for T if and only if (iii) (resp.,(iv), (vi), (viii), (ix), (x), (xi))
in Definition 2.3 holds for TW .

Demostración. It follows by Theorem 3.3 and Lemma 4.1. For (xi), observe the equivalence between Brow-
der’s theorem and generalized Browder’s theorem proved in [3].

From the Theorem 4.3 and Lemma 3.2, the following corollary is obtained.

Corolario 4.4. (see [17, Corollary 4.4]) Let T be an operator in P(X,W) such that its restriction TW verifies
one of the following conditions: q(TW ) = ∞ or p(TW ) = ∞. Then (iii) (resp.,(iv), (vi), (viii), (ix), (x), (xi)) in
Definition 2.3 holds for T if and only if (iii) (resp.,(iv), (vi), (viii), (ix), (x), (xi)) in Definition 2.3 holds for
TW .

Theorem 4.3, may be extended assuming weaker hypotheses as follows.

Teorema 4.5. (see [17, Theorem 4.5]) If T ∈ P(X,W) verifies one of the following conditions: (i) 0 <
isoσ(T ), (ii) 0 < ∂σ(T ), (iii) 0 ∈ Ξ(T ) or (iv) 0 ∈ Ξ(T ∗). Then (i) (resp.,(ii)-(xiii)) in Definition 2.3 holds for
T if and only if (i)(resp.,(ii)-(xiii)) in Definition 2.3 holds for TW .

Demostración. It follows by Theorem 3.3, Remark 3.4 and Lemma 4.2. Again, for (xi), consider the equi-
valence between Browder’s theorem and generalized Browder’s theorem proved in [3].

From the Theorem 4.5 and Remark 3.4, we get the following corollary.

Corolario 4.6. (see [17, Corollary 4.6]) Let T be an operator in P(X,W) such that its restriction TW verifies
one of the following conditions: (i) 0 < isoσ(TW ), (ii) 0 < ∂σ(TW ), (iii) 0 ∈ Ξ(TW ) or (iv) 0 ∈ Ξ(T ∗W ). Then
(i) (resp.,(ii)-(xiii)) in Definition 2.3 holds for T if and only if (i)(resp.,(ii)-(xiii)) in Definition 2.3 holds for
TW .

5. Applications

In this section we give applications for the results of the above section. We obtain conditions for which
semi-Fredholm spectral properties, as well as Weyl type theorems, are equivalent for two given operators.
Also, we give conditions under which an operator acting on a subspace can be extended on the entire space
preserving the Weyl type properties.

As an immediate consequence of Theorem 3.3, we obtain sufficient conditions for which semi-Fredholm
spectral properties are equivalent for two given operators.
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Corolario 5.1. (see [17, Corollary 5.1]) Suppose that T, S ∈ P(X,W) and T, S coincide on W. If ones of
the following conditions is valid

(i) 0 < isoσ(T ) ∪ isoσ(S ) (resp. 0 < isoσ(TW ) ∪ isoσ(S W )),

(i) 0 < ∂σ(T ) ∪ ∂σ(S ) (resp. 0 < ∂σ(TW ) ∪ ∂σ(S W )),

(iii) 0 ∈ Ξ(T ) ∩ Ξ(S ) (resp. 0 ∈ Ξ(TW ) ∩ Ξ(S W )),

(iv) 0 ∈ Ξ(T ∗) ∩ Ξ(S ∗) (resp. 0 ∈ Ξ((TW )∗) ∩ Ξ((S W )∗)),

then the following equalities are true:

(i) σsu(T ) = σsu(S );
(ii) σap(T ) = σap(S );

(iii) σ(T ) = σ(S );
(iv) σw(T ) = σw(S );
(v) σuw(T ) = σuw(S );

(vi) σb(T ) = σb(S );
(vii) σub(T ) = σub(S );

(viii) σf(T ) = σf(S );
(ix) σuf(T ) = σuf(S ).

Demostración. Observe that if T, S coincide on W, then TW = S W .

Similarly, as the above theorem, from Theorem 4.5 and Corollary 4.6, we obtain sufficient conditions for
which Weyl type theorems are equivalent for two given operators.

Corolario 5.2. (see [17, Corollary 5.2]) Suppose that T, S ∈ P(X,W) and T, S coincide on W. If ones of
the following conditions is valid

(i) 0 < isoσ(T ) ∪ isoσ(S ) (resp. 0 < isoσ(TW ) ∪ isoσ(S W )),

(i) 0 < ∂σ(T ) ∪ ∂σ(S ) (resp. 0 < ∂σ(TW ) ∪ ∂σ(S W )),

(iii) 0 ∈ Ξ(T ) ∩ Ξ(S ) (resp. 0 ∈ Ξ(TW ) ∩ Ξ(S W )),

(iv) 0 ∈ Ξ(T ∗) ∩ Ξ(S ∗) (resp. 0 ∈ Ξ((TW )∗) ∩ Ξ((S W )∗)),

then (i) (resp.,(ii)-(xiii)) in Definition 2.3 holds for T if and only if (i)(resp.,(ii)-(xiii)) in Definition 2.3 holds
for S .

Demostración. If T, S coincide on W, then TW = S W .

The following theorem ensures that bounded operators acting on complemented subspaces can always
be extended on the entire space preserving the Weyl type properties.
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Teorema 5.3. (see [17, Theorem 5.3]) Let W be a complemented subspace of X and T ∈ L(W). If ones
of the following conditions is valid: (i) 0 < isoσ(T ), (ii) 0 < ∂σ(T ), (iii) 0 ∈ Ξ(T ) or (iv) 0 ∈ Ξ(T ∗).
Then T has an extension T ∈ L(X) such that (i) (resp.,(ii)-(xiii)) in Definition 2.3 holds for T if and only if
(i)(resp.,(ii)-(xiii)) in Definition 2.3 holds for T .

Demostración. Since W is a complemented subspace of X, then there exists a bounded projection P ∈ L(X)
such that P(X) = W. Thus T = T P defines an operator in P(X,W) such that T = T W . From this, by Corollary
4.6, we obtain the equalities (i), (ii) and (iii).

As a particular case of the above theorem, we obtain the following corollary.

Corolario 5.4. (see [17, Corollary 5.4]) Let W be a closed proper subspace of a Hilbert space H and
T ∈ L(W). If ones of the following conditions is valid: (i) 0 < isoσ(T ), (ii) 0 < ∂σ(T ), (iii) 0 ∈ Ξ(T ) or (iv)
0 ∈ Ξ(T ∗). Then T has an extension T ∈ L(H) such that (i) (resp.,(ii)-(xiii)) in Definition 2.3 holds for T if
and only if (i)(resp.,(ii)-(xiii)) in Definition 2.3 holds for T .

Demostración. Follows immediately from Theorem 5.3, because every closed subspaces of a Hilbert space
is complemented.

Observación 5.5. Some additional applications of our results to important integral operators acting on
certain functions spaces can be seen in [17].
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