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Abstract

In this paper we present a study of the different algebraic properties of the tropical polynomials of a single variable,
where a generalization of the tropical semiring R,,;, is also introduced, which allows to extend certain concepts and
gives a successful generalization of the fundamental theorem of tropical algebra.
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Resumen

En este trabajo se presenta un estudio de las diferentes propiedades algebraicas de los polinomios tropicales de una
variable, donde se introduce ademds una generalizacidn del semianillo tropical R,,;,, el cual permite extender ciertos
conceptos y dar una generalizacion exitosa del teorema fundamental del dlgebra tropical.
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1. Introduction

The tropical geometry might be described as a piecewise linear or skeletonized version of algebraic
geometry, offering new polyhedral tools to compute invariants of algebraic varieties (see e.g. [11,[2],[? ]).
The algebraic varieties are based on tropical semiring R,,;, = R U {+co}, with the operations

XOy=x+y X ®y = min{x, y}

The tropical semiring is idempotent in the sense that x @ x = x for any x in R,,;,. It is easy to check that the
tropical operations are commutative, associative and satisfy to the distribution law.
The polynomials on R,,;, satisfy different properties that allow us to handle them suitably and to define a
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version of the Fundamental Theorem of Tropical Algebra. In this paper we provide a simple algorithm for
factoring tropical polynomials of a single variable and we present a generalization of the tropical semiring
R,.in,» Which allows to extend certain concepts and gives a successful generalization of the fundamental
theorem of tropical algebra .

2. Tropical polynomials

Definition 2.1. A tropical polynomial is a map p : R,,i, — Ry, of the form p(x) := a,0x"®...a; Oxday,
where a; € R, . are coefficients of p fori = 1,2,...,n, and x is the independent variable.

To understand the algebra of tropical polynomials, it is important to know that there are different polynomials
that induce the same function x — P(x).

For example consider the polynomials p(x) =20 x> @3 0 x® 4 and g(x) = 2 © x> @ 4. Is easy to verify that
p(x) = g(x) for any x € R,,;,,, graphically we can see it as

y=2x+2
y=x+3
y=4
P(x)

] R 0 1 2 3 i 5

Definition 2.2. The degree of a tropical polynomial p denoted by deg(p), is the highest degrees of its mono-
mials with non-zero coefficients. The degree of a monomial a,x" is n, whenever a,, # 0.

Proposition 2.3. Let p and q be two tropical polynomials such that p(x) = q(x) for all x in R,;,. Then
deg(p) = deg(q).

Proof.
deg(p) = lim P
X——00 X
= lim @
x—o-00 X
= deg(q)
[}

Definition 2.4. The roots of a tropical polynomial p are the corners of the singular points of the graph of
p(x).

Example 2.5. We consider the polynomial p(x) = 40 x> ®30 x> ®20 x®4 and note the corresponding lines.
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y=3x+4
y=2x+3
Y=X+2
y=4
y=P(x)

The graph of y = p(x) is a piecewise linear function with two corners in x = —1 and x = 2, is possible to
factor p(x) in following way:
Px)=40(xe-1’0(xa2)

The roots of the polynomial p(x) are defined as the set of corners that appear in the graph of the function
of the same polynomial. Leta = (—1, 1) and b = (2,4) be corners of p(x) and also, let M, and M}, be matrices

defined as:
1 1 1 1
w=( 1) w=(5 i)

The columns of the matrices are the directions of the two lines coming out from a and b respectively.
Observe that the determinants of these two matrices are exactly the exponents of the two linear forms used
in the decomposition of p(x) as a product of linear terms. The following result generalizes the above.

Theorem 2.6. Any tropical polynomial of degree n factorizes as the product of n linear polynomials.

Proof.

Let p be a tropical polynomial of degree n. It is clear that the graph generated by this polynomial is
composed of lines and segments. Let y; and y, be consecutive lines in the graph of p(x) with y; = a; + x;
and y, = a; + x;, the corresponding directional matrix for the roots p;; is

p<x>=(§ ;)

For every p;; is associated the factor (xea %)]_l with j; < ... < j,, the indexes of roots of p(x). It is a

straightforward calculation (done comparing with the graph of p(x)) to see that

ai,- — a4, i a;, — a;, i2=h
P(x)=a,0(x® — 0...0lxre =—=
r — 11 I — I

Theorem 2.7. (Fundamental theorem of algebra) Let p be a tropical polynomial of degree n, then p(x) =
O (x®x)" 0..0(x®x,)" withn| +ny+ ... +n, = nand xy, x», . .., x, are singular points of graphs of p.
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This result is an immediate consequence of the theorem 2.6, taking into account the multiplicity of the roots.
Other consequence of this result, is that all polynomial equation has solution in R,,;,.

Corollary 2.8. R,,;, is algebraically closed.

Theorem 2.9. If P : R — R is a tropical polynomial, then the the following properties are satisfied.

1. P is continuous.
2. P is piecewise linear, where the number of piecewise is finite.
+ 1
3. P is concave, namely, P(%) > E(P(x) + P(y)) forall x, ye R

1 and 2 is a immediate consequence of definitions, for 3 we have

+ + n + n—1
P(xzy)ZanG(xzy) @dnq@(%) D...Dag

= min{a, +n(xT+y),an_1 +(n— 1)(%—”)),...,@}
-1 -1
= min{a, + M,an_l + (n Jx+(n )y,...,ao}
2 2

1
= Emin{Zan +nx+ny,2a,-1 +(n—Dx+@m—-1)y,...,2a0}

1
> z{min{a,, +nx,a,_1(n— Dx,...,a0} + min{a, + ny,a,_(n — 1)y, ..., ap}

1
= 31p(x) + p()]

Each function that satisfy above properties can be represented as the minimum of a finite set of linear
functions

3. Semiring of polynomials

In this section we will study the algebraic properties of polynomials, seeing them as elements of a certain
tropical semiring. Let (F, +, -, <) be an ordered field and co = Sup(F). Consider the extension F;,, = FU{co}
and we define the maps

®:FminXFmin_)Fmin @:FminXFmi11_>F171in
if y<
o(x,y)=x+y ®(x,y) = {i ;{cig’;}

It is clear that © and & is well defined, it will denote as ©(x,y) = xOy and ®(x,y) = x®Yy. It can verified that
(Fmin» ®, ©) is a unital semiring, since © is distributive with respect to ®, which identities are respectively
1min =0 y Omin = Q.

We will define F ;[ x] as the set of all equivalence classes of symbols p(x) = a, 0 x" ®...a; © x®ay, where
Qpy A1, . . ., ag are elements in F,,;, and p ~ ¢ if and only if p(x) = g(x) for any x in F,,;,. Every element of
Fin[x] will be denominate as tropical polynomial.

Definition 3.1. If p(x) = a,0x"®...a10x®ag and g(x) = b, OX"®... b1 ©OxD by, are elements in F ;[ x].
We will define the tropical sum as p(x) ® q(x) = co®c1 O x® ... d ¢, X, where ¢; = a; ® b; fori =1,2,..,t
and t = max{deg(p),deg(q)}, moreover a; = 0, if i > n and b; = 0,,;, when i > m.
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In other words the sum of two tropical polynomials is performed by tropical sum corresponding coefficients
of their similar terms, the most complicated operation is the one that we have to define in F,,;,[x], it is the
multiplication.

Definition 3.2. If p(x) = a,0x"®. ..a0x®ay and g(x) = a,,OX"®. .. a0x®ay, are elements in F ;[ x], then
of multiplication is defined as p(x)©q(x) = co®c10x®. . .®c;OxF, where ¢, = a,0by®a,_1 Ob®. . . BayOb,

Example 3.3. Let p(x) =303 020x°® -1 and g(x) = 50x* ®30x° ® -1 0 x84 be elements of Qpin[x],
we have

p@gx)=Boxre2ore-HeGox*e3ore-1oxe4d)
=50x*0GBoxre30r )20 ®-10x0(-104)
=50x*e30r @20 0-10x®-1
For p(x) © q(x) we have:

co=—104=3

1 =0in 04020 -1=0,,®1 =1

c=20480,;, ©=1®-10 0, =6 0, ® 0,y = 6
c3=3048020-190,, 00, ®-103=70100,;,,®2=1

¢4 =01in 04030 -10200,; ©0,in ©30-105 = 0iy D2 & 0,iyy ® Opjyy 4 =2

Therefore, according to definition,
px)ogx)=3aloxe6ox’eloxr’e20x

Thus (F[x],®,®) is a semiring, which is denominated Tropical semiring of polynomials. The zero of this
semiring is given by 0,,;4(x) = 0,,;, and unit 1,,;,(x) = 1,,;, for all x € F ;.

Theorem 3.4. If p(x) and q(x) are two different elements of 0,n(x) in Fpinlx], then deg(p(x) © g(x)) =
deg(p(x)) © deg(q(x)) .

Let p(x) = a,0X"®...a;0x®ap and g(x) = b,,Ox"®...b; Ox®b( be elements of F,,;,[x], with a, and b,,
being different to 0,,;,,. Hence deg(p(x)) = n and deg(g(x)) = m, moreover p(x)Og(x) = co®ciOx®. . Bcroxk
where ¢; = a; © by @ ... ® ag O b;. Therefore
Conin = Amin Oby® ... 1 Oby 190, Ob, B a1 Obyy1®... 00O byyyn

=ay © bn
if i > m + n then the terms ¢; are of form a; © b;_j, sincei = j+ (i~ j)>m+nthen j>mandi— j > n and
hence ¢; = 0,,;, for every i > m + n. It is verified that c,,, is the highest coefficient that is different to 0,,;,.
Finally

deg(p(x) © g(x)) = m +n = deg(p(x)) © deg(g(x))

Corollary 3.5. If p(x) and q(x) are elements of F ;[ x] wich is different to 0,,;,, then deg(p(x)) < deg(p(x)®
q(x)).

deg(P(x) © Q(x)) = deg(P(x)) © deg(Q(x))
> deg(P(x))

We generalize certain results obtained in section 2, whose proofs are similar.
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Proposition 3.6. If p(x) y q(x) are elements of F,[x], such that p(x) = q(x) for every x in F,;;,, then
deg(p) = deg(q).

Theorem 3.7. If F is an Archimedean field, then any tropical polynomial of degree n in F,;,[x] factorizes
as the product of n linear polynomials.

Given x,y € F, such that x < y. Archimedean property imply there exist z € F such that x < z <y, thus
we obtain that p € F,,;,[x] is composed of lines and segments. Finally this result is concluded by performing
a analogous procedure of the Theorem 2.6.

As an immediate consequence of this result it is possible to generalize the fundamental theorem of
tropical algebra taking into account the multiplicity of the roots, which is enunciated below.

Theorem 3.8. Let F' be an Archimedean field and p a tropical polynomial of degree n en F;,[x], then
pPX)=a, 0(x@®x)" 0.0 (x®x)" withn +ny + ... + n, = nand x1, xa, .. ., X, are singular points of
graph of p.
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