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1. Introduction

In 1938, A. M. Ostrowski proved an interesting integral inequality, given by the following theorem

Theorem 1.1. [I7] Let f : I — R, where I C R is an interval, be a mapping in the interior I°of I, and
a,bel°, witha <b. If|f'| < M for all x € [a, b], then

L, o)
it } (1)

(b-a)’

b
fx) - ;,’Taff(t)dt <M (b-a)

In recent decades, inequality (1) has attracted much interest from many researchers, a considerable papers
have been apperaed on the generalizations, variants and extensions of inequality (1). For more details, we
advise reader to [4, 5, 6, 8, 9, 10, 12, 13, 14, 18, 21, 22] and references therein.

Recently, lot of efforts have been made by many mathematicians to generalize the classical convexity.
Hanson [3], introduced a new class of generalized convex functions, called invex functions. In [1], the authors
gave the concept of preinvex functions which is special case of invexity, and many authors have studied their
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fundamental properties and their role in optimization, variational inequalities and equilibrium problems, we
send back to the reader to [15, 16, 20, 25, 26].

In [24] Tung established the following Ostrowski type inequalities and midpoint type inequalities for
functions whose derivatives are MT-convex functions

Theorem 1.2. Let f : I C [0,00) — R be a differentiable mapping on I° such that f’ € L([a,b]) and
If'l < Mwitha,b e I°and a < b. If |f’| is MT-convex on [a, b], then one has the following inequality

X—a X, 2
F0) f f i < Aty @
Corollary 1.3. In Theorem 1.2 if we choose x = 2 , we have

b
st - i [ rwan < rw-am @

Theorem 1.4. Let f : I C [0,00) — R be a differentiable mapping on I° such that ' € L([a,b]) and
If’l € M witha,b € I° and a < b. If |f’|? is MT-convex on [a, b] where g > 1 and 11—) + é = 1, one has the
following inequality

" f Pl < 0 (1) et @

d+p)? ’

Corollary 1.5. In Theorem 1.4 if we choose x = 2b we have

f(4E) - ff(t)dt < T(b a. &)

Theorem 1.6. Let f : I c [0,00) — R be a differentiable mapping on I° such that f' € L([a,b]) and
If’l £ M with a,b € I° and a < b. If |f’|? is MT-convex on [a,b] where q > 1, one has the following
inequality

£ - f fd] < % (5)F b, ©
Corollary 1.7. In Theorem 1.6 if we choose x = 2b we have
1
sy - 3 [ rwa < 4(5) 0-a, ™

Motivated by the results cited above, in this paper we establish some new Ostrowski’s inequalities for
functions whose first derivatives in absolute value are MT-preinvex via Reimann-Liouville integral opera-
tors.

34
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2. Preliminaries

In this section we recall some concepts of convexity that are well known in the literature. Throughout
this section / is an interval of R.

Definition 2.1. [/9] A function f : I — R is said to be convex, if
fax+A -0y <tf () +A -0 f)
holds for all x,y € I and all t € [0, 1].

Definition 2.2. [23] A nonnegative function f : I — R is said to be MT-convex, if the following inequality

Flax+ -0y < 9=+ L fG)

holds for all x,y € I and t € (0, 1).

Let Kbe asubsetin Randlet f: K — Rand 5 : K X K — R be continuous functions.
Definition 2.3. [25] A set K is said to be invex at x with respect to n, if

x+m@y,x)eK

holds for all x,y € K and t € [0, 1].

K is said to be an invex set with respect to 7 if K is invex at each x € K.
Definition 2.4. [25] A function f on the invex set K is said to be preinvex with respect to n, if

Fx+m@y,x) <=0 fx)+1f()

holds for all x,y € K and t € [0, 1].

Definition 2.5. [27] A nonnegative function f on the invex set K C [0, c0) is said to be MT-preinvex with
respect to n, if

Flarm,0) < 200+ 0= F0)
holds for all x,y € K and t € (0, 1).

Definition 2.6. [7] Let f € Lla,b]. The Riemann-Liouville integrals J7. f and J;_f of order a > 0 with
a > 0 are defined by

1 X
Jof(x) = o f x-0D""fdt, x>a

1

b
JLf(x) = o f (-0 fde, b>x

respectively, where I'(a@) = f e 't*"\dt, is the Gamma function and Jg+ f(x) = 12, f(x) = f(x).
0

35
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Definition 2.7. [2] The incomplete beta function is defined as follows:

X

B.(a,B) = fﬂ—l(l — P lds,

0

where x € [0, 1] and a,8 > 0.

We also give some properties of incomplete beta function

B(@.f) + Bi_y(B,) = B(@,p), (8)
Bx(oz+1,ﬁ)+B(a,,B+1)=B(aﬁ) )
By(a.f+1) = LB (a.p) + L2, (10)

and
By(a+1.p) = 25 B,(a.f) - U= (11)

Remark 2.8. From the properties of incomplete beta function and using the fact that B %, %) = 7, we can
easily prove that B ( ,—) = (2, 2) = 877— —,Bn ( s —) 47T+ 3 L and B, ( s ;) = iﬂ— %

Lemma2.9. [1]] Let f : [a,a + n(b,a)] = R be a differentiable function with a < a + n(b,a). If f’ € L
([a,a + n(b, a)]), then the following equality for fractional integrals

(Grss)" + (1= 555) ) 00 = sy (s @ + T2 fla+ n b )

x-a

n(b.a) 1
= n(b,a) ft"f’(a + tn (b, a))dt — f A =0 f'(a+m(b,a))dt (12)
0 xX—a

n(b,a)

holds for all x € [a,a + n(b, a)].

3. Main Results

In what follows 7 : K X K — R, and K C R an invex subset with respect to 1, and a, b € K° the interior
of K such that [a,a + n(b,a)] C K.

Theorem 3.1. Let f : [a,a+n(b,a)] —» R be a differentiable function such that n(b,a) > 0 and f' €
L([a,a +n(b,a))). If |f'| is MT-preinvex, then the following inequality for fractional integrals

((55) + (1= 555)") £00 = Gy (45 fl@) + 5 fla+ n (b, )
< @((B,;;z) (+ 3, ') B'—v':,,z)( +m))

3 1 1 3
+(Bq‘(b.2) (‘”+2’2)+Bl—,,a,i‘,>< 2> 2))

)

13)

holds for all x € [a,a + n(b, a)].

36
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Proof. From Lemma 2.9, properties of modulus, and MT-preinvexity of |f’|, we get
—a \? T(e+1)
'((r{fhfn) (1= 550) ) F0 - Gy (Jff*f(“)+J§cy*f("+’7(h’“)))|
W 1
< n(b,a) ft“ f'(a+m(b,a))|dt + f (1= |f'(a+mb,a))|dt
0 W
< 100 f (e firh (- ))ai
0
1
+ f (=02 3 |f @] + (=072 12 £/ (b)) e
o)
_ (b,a) 13 31 ’
= 252 (By (04 3.3)+ B 0+ 3.2)) |F @)
31 13 ’
+ (B (a3, 3) + B (e 3.3)) @),
where we have used the facts that
W@
et = tdr =B (a4 1,3) (14)
n(b.a) 2°2)°
0
1 1= ufbf:)
ft—%(l _ e dr = f (=0 dr = Bise (@ + 3.3). (15)
& 0
r]':}:.i)
(-0 dr = Baa (e +3,1) (16)
10 2°2
0
and
1 1=5ea
1 a1 a1t 1 13
t1(1 -0 2dt = 271 (1 -2 dt = Bl,%( +1.3). A7)
wo 0
The proof is completed. m
Corollary 3.2. In Theorem 3.1, if we choose x = W, we obtain the following fractional midpoint

inequality
2a+n(b,a)
r(=42)

- % [J(aZaH](b a)) f((l) + J( 2a+17(b a)) f((l + Tl(b, a))]
< L2 (By (a+1.3)+ By (a+ 3.1))( ).
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Corollary 3.3. In Theorem 3.1, if we choose a = 1, we obtain the following Ostrowski inequality

a+n(b,a)

)~ o f fadt

< 250 (Ba (3:3) + B, (52)) 7 @
+ (B (3:3) + Bioges (3.3)) I ©)-
Moreover if we choose x = 2a++(b’“), we obtain the following midpoint inequality
a+n(b,a)
PEeg) - gy [ r@dl< 22 - (@] o).

a

Theorem 3.4. Let f : [a,a+n(b,a)] = R be a differentiable function such that n(b,a) > 0 and f' €
L([a,a+n(b,a)]) and let g > 1 with % + é = 1. If |f'|? is MT-preinvex, then the following inequality for
fractional integrals

(i) + (1= 555)") 10 = i (@) + g2 fta+ )

1 1

< e () (B (L D@+ B (1))
1 1

# (1= 5) " (B (1) P @l + B (33) P 0)'))

holds for all x € [a,a + n(b, a)].

Proof. From Lemma 2.9, properties of modulus, and Holder’s inequality, we have

'((nfz?fz) )a +(1- %)d)f(x) ~ o (2 f(@) + T2 fla+n b, a)))|

1
x—a > x—a

1
q

Wb o)
< nb,a) f 1P dt f f(a+mb,a)| dt
0 0
1 1
1 4 1 q
+ f (1 - dr f fa+mba)| dt
ﬁ q
— n(b,a) x—a ‘H'% / q
= 2 (%) f fa+mba)| dt
0
| 1
a+l
+(1-5%)"" f|f’(a+n7(b,a))|th : (18)
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Since [f’|? is MT-preinvex, we deduce

'((%)a + (1 (b, a)) )f(x) - (lr;fz;)?“ (Jit*f(“) +J fla+n, “)))’

n(b.a) x=a \**7
s %((n(bm)

24 (ap+1)7P
1
1 1 1 1
x| f fff(l—t)fdw / fﬁ (1-0"2dt
0 0

(1 - n(h a) )(H%

1 | %
X[|f/(a)|qft;(l L+ ffé(l—t)idf]

_  __nba) (H )M%(B (1 g)
20 (ap+1yp \\1OA) i \27 2
1
) s (1)
+(1 n(ba)) B (303

which completes the proof. m

+ 2 (14)Irof)

rof)).

f@l" + B (3.3)

(b.a)

Corollary 3.5. In Theorem 3.4, if we choose x = w, we obtain the following fractional midpoint
inequality

2a+n(b,a)
|f ( 2 )
2010 (a+1) @ @
= Twb.a)” [J( 2a+1(b, a)) @+ J( 2a+n(b, a)) fla+n @, a))]
2 2
< 1ba) ( )
! q(ap+1)n

Corollary 3.6. In Theorem 3.4, if we choose a = 1, we obtain the following Ostrowski inequality

a+n(b,a)

O - o f f@)dt

a

N

1
< () (B (L)@ + B (D) 0))
1 1
+(1=352) 7 (B ()P @ + B (B )P 0)).
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2a+n(b,a)

Moreover if we choose x = ===, we obtain the following midpoint inequality

a+n(b,a)
2a+n(b,a)
f( 1) - o f aor
a
< _a
- 2“?( +1)7 ( )

Theorem 3.7. Let f : [a,a+n(b,a)] = R be a differentiable function such that n(b,a) > 0 and f' €
L([a,a+n(b,a)]) and let g > 1. If |f'|? MT-preinvex, then the following inequality for fractional integrals

|((%)" + (1 n(b, a)) )f(x) - (ZEZ;)I)L (J;l,f(a) + J;ﬁf(a + (b, a)))|
)

13
X(Bu?bi‘b (‘” 2 2)

IA

@[+ B (o + 3. 3) 1

o)

)

(B o+ 2@ B o 1)

holds for all x € [a,a + n(b, a)].

)

Proof. From Lemma 2.9, properties of modulus, and power mean inequality, we have

’(( o) )a + (1 (b, a)) )f () = (ZEZ,Z;;“ (Jgff @+ Jy fla+n (b, “)))|

1—-—

1
x-a

,,(h a) n(b,a) K
< n,a) f tdr f t dt
0 0
-1 1
1 q 1 q
f(l—t)”dt f(l—t)“ dt
1
( v(ba) K
_  _nba x=a \@*+D\1- d
= L= t
(@+1)"7 (n(b,a))

+(1- n’(‘,;‘;))(a+l) f (1 - 1)

x—a
n(b.a)

19)
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Since [f’|? is MT-preinvex and (14)-(17), we deduce

’((%)a+(1 n(ba)) )f( ) - (1;22,3))“ (J;Z*f(“)+J§:*f(“+’7(b’“)))|

< e ()

24 (a+1)
a 1
ﬁ m q
<||f @]’ fm—%(l_t)%d” : ft‘”%(l—r)—%dt
0 0
_ (a+1)(1—i)
_ x-a 7
+(1 ’7(@“))

! | i
x||f ft‘% (l—t)‘”%dt+ ’ ft% (1—t)"‘% dt

X-a_ x-a
o) n(b.a)

= (b, a)lﬁ (((n(ba))““” )

24 (a+1)

( (b)( %%)|f(a)|q+37 ( %%>

+(1  a )(a+l)( q)

nba)
X (Bigz (o 3. 3) 17

which is the desired result. m

)

)

412
+B'*m( 5 3) 1

Corollary 3.8. In Theorem 3.7, if we choose x = m

inequality

, we obtain the following fractional midpoint

| f ( 2a+);(b,a))

_ 2> T(a+1) @
b)) (2a+7](b a)) fla) + J( 2u+n(b a)) fla+n, a))]
+

_2a (g,
i

a+1-

F )

3 31
E +B%(a+§,§)

)

1
2’

13
+B%(a+§ E)

7 (0/+1)

+(B%(a+%,%) ’

Q-
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Corollary 3.9. In Theorem 3.7, if we choose a = 1, we obtain the following Ostrowski inequality

a+n(b.a)

)= o f fdr

a

2-3 4 7 ¢l
< 22 () ) (B G @F + B (53) )
2_3 ’ / }
(g 7 (s (D@l B (3 o) )
Moreover if we choose x = m we obtain the following midpoint inequality

a+n(b,a)

() 1 f f@di

IA

1 1
nb.a) [ (#lf @ +Gr=dIf BN Ya Gr=\f" @I+l BN Ya
) ((riarsgaron ) (airaparor). )
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