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Abstract

In this note, we give some estimate of the left hand side of generalized quadrature formula of Gauss-Jacobi in the cases
where £ and |f|* for A > 1, are (s, m)- and (a, m)-preinvex functions.
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Resumen

En esta nota, damos alguna estimacion de otro caso de formula generalizada de cuadratura de Gauss-Jacobi en el caso
donde f'y |f] |" para A > 1, son (s, m)- y (@, m)-preinvex functions.
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1. Introduction
Let K be a nonempty closed subset of R and 77 : K X K — R be a continuous bi-function

Definition 1.1. [20] A set K C R is said to be an invex with respect to the bifunctionn: K x K — R, if for
all x,y € K, we have
x+m@,x) ek

In what follows we assume that K C [0, o) be an invex set with respect to the bifunctionn : K XK — R.

Definition 1.2. [8] A function f : K — R is said to be («, m)-preinvex with respect to n for some fixed
a€(0,1], andm € (0, 1], if

FO+me,0) A=) f () +mf (%)
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holds for all x,y € K, and t € [0, 1].

Example 1.3. Let g (u) = u clearly g is (e, m)-preinvex function with respect to 1 where @ = m = % and

n(y,x) =3 —x),yx€(0,0)
Clearly, fory,x € (0,00) and t € [0, 1] we have
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g(x+m@,x)

-

< (- ()) e+ (1)
- (2%(1 —fé))xé +(4)r en?
< (1-r)at +(3)r @

- (1-)ew+ (3)re( )

where we have used the fact that (1 — t)" < 20 _ t" for all t,n € [0, 1] (see [4]).
Thus g is (% %)-preinvex function with respect to n (y, x) = % y —x).

Definition 1.4. [10] A function f : K C [0,b"] — R is said to be (s, m)-preinvex with respect to n for some
fixed s € (0, 1], where b* > 0 and m € (0, 1], if

fO+m@.x0) <=0 f@)+mef(2)
holds for all x,y € K, and t € [0, 1].

Example 1.5. Let ¢ (u) = ~lu clearly h is (s, m)-preinvex function with respect to n where s = % m= 4|2

3
andn(y, x) = %y -2x,y,x € (0,00)
Clearly, for y,x € (0,00) and t € [0, 1] we have
1
ex+m.x) = (1-20x+4%y)
1
< (-2 2 + (1) iy
< (-pbebe(d) ey
L1 2 ; 1\ :
= (1-03x3 +(\/j) 3 ‘( )
3 2 NE
1 1
< (-p} (x)+(\[) ! (L)
4 Vi)'
where we have used the facts that (a + b)' < a* + b fora,b>0and 0 < 1< 1.
The generalized quadrature formula of Gauss-Jacobi type has the following form
f (= (0= F s = Yo 000+ Rl M)
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where B, are the Christoffel coefficients, y; are the roots of the Jacobi polynomial of degree m, and R, [ f]
is the remainder term (see[19]).

In [18] Ozdemir et al. gave the estimate of the left hand sides of equality (1) when the function f is
quasi-convex on [a,b] C R* with 0 < a < b < o0, as follows

b
f(x—a)"(b—X)"f(X)dx < b= B(p+1g+1)

xméax {f (a), f (b)}.

In [9] Liu discussed the cases where certain power of the modulus of the function f is quasi-convex, and
(a, m)-convex.

Ahmad [1] gave the estimates of the left hand side of the equality (1) in the cases where |f| and certain
power of modulus of f be P-preinvex and prequasiinvex function. Meftah [13] discussed the cases where |f]
and |f|' are s-preinvex functions in the second sense.

About some recent papers related to this subject, one can see [3, 5, 6, 7, 10, 11, 12, 14, 15, 16, 17].

Motivated by the results given in [1, 8, 13], in the present note we establish the estimate of the left hand
side of generalized quadrature formula of Gauss-Jacobi in the cases where f and |f |/l for A > 1, are (s, m)-
and (a, m)-preinvex functions.

2. Main results
In order to prove the results we need the following lemma

Lemma2.1. [I] Let f : S = [a,a +1n(b,a)] = R be continuous function on the interval of real numbers
S°(interior of S) with a < a + n (b, a) such that f € L([a,a + n(b,a)]), then the equality

a+n(b,a)
(x—af (a+nb,a)-x7f(x)dx

a

1
= (n(b,a)r ! f (A =09t"f (a+ m(b,a)dt
0

holds for some fixed p,q > 0.

Theorem 2.2. Let f : [a,a+n(b,a)] C [0,00) — [0,00) be integrable function on |a,a + n(b,a)| with
n(b,a) > 0. If f is (s, m)-preinvex function for some fixed s,m € (0, 1] and p,q > 0, we have

a+n(b,a)
(x=—a)f (@a+nb,a)-x)7?f(x)dx

< b, (f@B(p+1.g+s+ D+ mf(2)B(p+s+1,q+ 1),

where B(.,.) is the Beta function.
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Proof. From Lemma 2.1, and (s, m)-preinvexity of f, we have

a+n(b,a)
x—a)(a+nb,a)—x)? f(x)dx

a

1
(0 (b, @)™+ f (L= 07 f (a + i (b,a)) dt
0

IA

1 1
(n (b, @))P 4! f(a)ft”(l—t)‘f”dt+mf(%)ftp”(l—t)"dt]
0

0
0 (b)) " (f@B(p+1.g+s+ 1)+ mf(L)B(p+s+1.q+1),

which is the desired results. m
Remark 2.3. Theorem 2.2 will be reduced to Theorem 2.2 from [13], if we take m = 1.

Theorem 2.4. Let f : [a,a+n(b,a)] C [0,00) — [0,0) be integrable function on [a,a + n(b,a)] with
n(b,a) > 0andlet A > 1. Iflfl’l is (s, m)-preinvex function for some fixed s,m € (0, 1] and p,q > 0, we have

a+n(b,a)
(x—a) (a+nb,a) —x)? f(x)dx

< b))’ Bp+1,q+ 1)1
x(Bp+ g+ s+ DIf @ +mpp+ s+ Lg+D|r(2))

where B (., .) is the Beta function.



B. Meftah; N. Aouissi / Matua Revista MATUA VOL: V (2018) pgina: 5-12 5

Proof. From Lemma 2.1, properties of modulus, power mean inequality, and (s, m)-preinvexity of |f|!, we
have

a+n(b,a)
(x—a)f (@a+nb,a)-x)7f(x)dx

a

1
(b, )P ( f (1 -1 tpdt]
0

0 (b, )" B(p + 1,q+ 1)1

1 :
x[f (=0 (=0 If @'+ me |7 (2) ﬂ)dt]

0

1
1- b

IN

T
[fa - |f(a+t77(b,a))|’ldt]
0

IN

= b,y B(p+1,q+ 1)\

1

1 1 1
X[If(a)I‘ [ra-oeanle@) [ (l—t)qtp+5dt]

0 0
= b,a)y" " B(p+1,q+ 1)

x(ﬁ(p+1,q+s+1)|f(a)|’l+m,8(p+s+l,q+1)'f(%)

1

A\ 1
)’

which is the desired result. m
Remark 2.5. Theorem 2.4 will be reduced to Theorem 2.3 from [13], if we take m = 1.

Theorem 2.6. Suppose that all the assumptions of Theorem 2.4 are satisfied, then we have

a+n(b,a)
(x—a)’(@+n(b,a)—x)7 f(x)dx

1 (@)l +m| b )
< (n(b,a))”+"+'(ﬁ(%+1,%+1))1f‘[_f( ””*H\lf(m) ] ,

where B(.,.) is the Beta function.
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Proof. From Lemma 2.1, properties of modulus, Holder inequality, and (s, m)-preinvexity of |f|*, we have

a+n(b,a)
(x—a) (a+nb,a) —x)7f(x)dx

a
1-1 1

1 i 1 Pl
(1 (b, @)+ [ f (1—t>f”ltfﬂdt] [ f \f (@ + tn (b, @))I* dt]
0 0

b (B 1,2+ 1))

1 i
x[ [a-ow@rtome|r(z) dt]
0
@i+l s(2)

IA

IA

1

which is the desired result. m
Remark 2.7. Theorem 2.6 will be reduced to Theorem 2.4 from [13], if we take m = 1.

Theorem 2.8. Let f : [a,a+n(b,a)] C [0,00) — [0,00) be integrable function on |a,a + 1 (b,a)| with
n(b,a) > 0. If f is (a, m)-preinvex function for some fixed a,m € (0, 1] and p, q > 0, we have

a+n(b,a)
(x—a)’ (@+nb,a) —x)? f(x)dx < (n(b,a)P*"*!

x(Bp+1Lg+D-Bp+a+lqg+ D) f@+ mf(L)B(p+a+1.q+1),

where (., .) is the Beta function.
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Proof. From Lemma 2.1, and (a, m)-preinvexity of |f I/l,we have of f, we have

IA

a+n(b,a)
(x—a) (a+nb,a)—x)? f(x)dx

a

1
(n (b, @)™+ f (L= 09 f (a + (b)) dt
0

(n (b, a))P*a+!

1 1 1
X{f(a){ft”(l —0)dt - ft’”"(l —z)"dtJ+mf<%)f(1 —t)"t”+"dt]
0

0 0
(n (b, a))P*!
x(Bp+Lg+D-Bp+a+lg+D)fl@+ mf(L)p(p+a+l.q+1)
( (b, a))P**!
x(Bp+Lg+D=-Bp+a+lg+D)fl@+ mf(L)p(p+a+l.qg+1),

which is the desired results. m

Theorem 2.9. Let f : [a,a+n(b,a)] C [0,00) — [0,00) be integrable function on [a,a + n(b,a)] with
17 (b,a) > 0 and let A > 1. If |f|* is (&, m)-preinvex function for some fixed a,m € (0, 1] and p, q > 0, we have

a+n(b,a)

x(BG+1g+D-pp+a+Lgr D@ +mp+a+ g+ (2))

f (x—a) (a+nb,a)— " f(x)dx < (7 (b,@))" " (B(g+1,p+ 1)\

A

where B(.,.) is the Beta function.
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Proof. From Lemma 2.1, properties of modulus, power mean inequality, and (a, m)-preinvexity of |f|*,we
have

a+n(b,a)
(x—al (a+nb,a)-x7f(x)dx

a

1
(0 (b, a))P*e+! [ f (1-1r) r”dt]
0

(b, )" B(p + 1,q+ 1)1

1 1 A 1 1
X f(l—t)qtpdt—f(l—t)qtp+“dt |f(a)|’1+m|f(%) f(l—t)qt’”“dt
0

0 0

1-

==

IA

1 2
[f(l -1t |f (a + (b, a))|! dt]
0

IA

= (b,a)" " (Blg+1,p+ 1)

x(B+1g+ D-Bpra+igrIF@ +mppra+igrnlr(2)])

A

which is the desired result. m

Theorem 2.10. Suppose that all the assumptions of Theorem 2.9 are satisfied, then we have

a+n(b,a)
x—af (@a+nb,a)—-x)7f(x)dx

a

< @) (B 41,2 1)

o))

~l—=

X(z 1f @I + ey

where B(.,.) is the Euler beta function.
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Proof. From Lemma 2.1, properties of modulus, Holder inequality, and (e, m)-preinvexity of |f|*,we have

a+n(b,a)
(x—a)Y (a+nb,a) —x)7f(x)dx

a
1 1
1_7 1 1

mmeW{fa—nﬂwa Lfvm+mmmwm]
0

(T] (b’a))p+q+l (ﬁ( §Zy +1, 2 + 1)) li
1 1

x[f(l—t”)|f(a)|ﬂ+mt“ f(%)ﬂdt]
0

= (b,a) ! (B( L +1,M+1))

)

IA

IA

;‘\'—'

X (5 1f @I+ mdy

which is the desired result. m

3. Some applications

We shall consider the following special mean
The arithmetic mean: A (a, b) = “T*b
At first we recall the following results

Theorem 3.1. If f : [a,b] — R is convex, and w : [a,b] — R, w > 0, integrable and symmetric about 43> “+b ,

then

b b b
f(#)fw(x)dxs ﬁff(x)w(x)dxs Mfw(x)dx.

Theorem 3.2. [2] Let h be defined on [0, max{l b—a}] and f : [a,b] — R be h-convex, w : [a,b] — R,

w > 0, symmetric with respect to %2 “”’ and f w(x)dx > 0, then

atb) b b
f( 2 )fw(x)dxs ﬁff(x)w(x)dx.

2n (%)
Proposition 3.3. Let a,b € R, with 0 < a < b, then the following inequality holds

2€fﬂ(p+lp+ )({’F+ €/7)
(-4a)V3B(p+1.p+1)

A3 (a, %) <
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Proof. Applying Theorem 2.2 for function ¢ (1) = ¥/u given in Example 2 which is (%, \/g )-preinvex with
respect to n (b, a) = %b — 2a, and taking p = g we have

1b-a | »
f(x—a)”(zb—a—x) p(x)dx
< (=20 p(p 1 1) @+ (B)01). @

Also ¢ (u) = vuis %-convex function in the second sense on [a, %b - a] and the function (x — a)” (%b —a- x)p

is positive and symmetric about % from Theorem 3.2 by taking /() = 15 we obtain

1b-2a

(%b—2a) 2! f(x—a)P(%b—a—x)”dx
1

1
= 243 a,—b—a)ft”(l—t)"’dt
25 2

0

b—a)ﬁ(p+1,p+1)

IA
~~~

=

|

S
N’

B
—_—
| =

S

|

Q

|

=

P
) @ (x)dx. 3)

a

From (2) and (3) we get the desired result. m
Proposition 3.4. Let a,b € R, with 0 < a < b, then the following inequality holds

ath) < 28(p+1,p+1) V2a+2 B(p+3.p+1)( Vb— V2a)
(a’ T) - (b—a)B(p+1,p+1) ‘

=

A

Proof. Applying Theorem 2.8 for function g (1) = u given in Example 1 which is (%, %)—preinvex function
with respect to n (y, x) = % (y — x) with p = g = 1 we have

atb

R
f (- (222 - x) g < (25¢)""

3 Vb
X(ﬁ(P+1,P+1)‘/5+,3(p+§,p+1)(7}2’—\/c_z)). )

On the other hand the function g () = Vu is %—convex in the second sense on [a, “T”’] and the function

10
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(x—-a) (% - x)p is positive and symmetric about # from Theorem 3.2 by taking h (¢) = 12 we obtain

g(3a4+b % »
b—a atb
250! [(x_a)p(%_ﬂ "
y(, ath
_ (b%a>2p+2 AZ(fi,ﬁz ),3(P+ 1,p+ 1
%
< f(x—a)p (‘lzlb —x)pg(x)dx. 5

a

From (4) and (5) we get the desired result. m
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