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Resumen

En este artı́culo encontramos nuevas desigualdades relacionadas con la bien conocida desigualdad de Jensen-Mercer,
y correspondientes aplicaciones a la Teorı́a de Operadores, usando funciones h−convexas y funciones de operadores
h−convexas. Los resultados encontrados generalizan otros previamente formulados.

Palabras claves:
Desigualdad de Jensen-Mercer, Funciones h−convexas, Funciones de Operadores h−convexas.

Abstract

In the present paper, we have find some new inequalities related to the well known Jensen-Mercer Inequality, and its
corresponding application to the theory of Operators, using h−convex functions and operator h−convex functions. These
results generalize some others found in previous investigations.
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1. Introduction

In recent years several extensions and generalizations have been considered for classical convexity, and
the theory of inequalities has made essential contributions to many areas of Mathematics. In this paper we
shall deal with an important and useful class of functions called operator convex functions. We introduce a
new class of generalized convex functions, namely the class of operator h-convex function.

The theory of operator/matrix monotone functions was initiated by the celebrated paper of C. Löwner
[23], which was soon followed by F. Kraus [22] on operator/matrix convex functions. After further deve-
lopments due to some authors (for instance, J. Bendat and S. Sherman [5], A. Korányi [21], and U. Franz
[11]), in their seminal paper [15] F. Hansen and G.K. Pedersen established a modern treatment of operator
monotone and convex functions.

In the year 2003, McD Mercer [25] established an interesting variation of Jensen’s inequality and later in
2009 Mercer’s result was generalized to higher dimensions by M. Niezgoda [28]. Recently, Khan et al.[20]
have stated an integral version of Niezgoda’s result for convex functions.

In Mathematical literature we find the classical Jensen inequality, which discrete form is

f

 n∑
i=1

pixi

 ≤ n∑
i=1

pi f (xi) (1)

where x1, ..., xn ∈ R, pi ≥ 0, i = 1, .., n with
∑n

i=1 pi = 1 and f : [a, b]→ R is a convex function.
A variant of this inequality is usually called Jensen-Mercer inequality, and its form is as follow (See

[25])

f

a + b −
n∑

i=1

pixi

 ≤ f (a) + f (b) −
n∑

i=1

pi f (xi) (2)

where x1, ..., xn ∈ [a, b] ⊂ R, pi ≥ 0, i = 1, .., n with
∑n

i=1 pi = 1 and f : [a, b]→ R is a convex function.
It is well-known that one of the most fundamental and interesting inequalities for classical convex fun-

ctions is that associated with the name of Hermite-Hadamard inequality which provides a lower and an
upper estimations for the integral average of any convex functions defined on a compact interval, involving
the midpoint and the endpoints of the domain. More precisely:

Theorem 1.1 (See [14]). Let f be a convex function over [a, b], a < b. If f is integrable over [a, b], then

f
(

a + b
2

)
≤

1
(b − a)

∫ b

a
f (x) dx ≤

f (a) + f (b)
2

. (3)

We find some new expressions for this last inequality, and a variant integral version in the environment
of operators using h−convex functions.

2. Preliminaries

We know that a function f : I → R is called a convex function over an interval I ⊂ R if for any a, b ∈ I
and for any t ∈ [0, 1] we have the following inequality

f (ta + (1 − t)b) ≤ t f (a) + (1 − t) f (b).

This concept has been generalized in several ways.
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Definition 2.1. [See [13] ]We shall say that a function f : I ⊂ R→ R is a Godunova-Levin function or f ∈
Q(I) if f is non negative and for each x, y ∈ I and t ∈ (0, 1) we have

f (tx + (1 − t)y) ≤
f (x)

t
+

f (y)
1 − t

.

Definition 2.2. [See [10] ]We say that f : I → R is a P−function, or that f belongs to the class P(I), if f is
a non-negative function and for all x, y ∈ I, t ∈ [0, 1] we have

f (tx + (1 − t)y) ≤ f (x) + f (y).

Definition 2.3. [See [4] ]Let s ∈ (0, 1]. A function f : (0,∞] → (0,∞] is named s − convex (in the second
sense), or f ∈ K2

s if
f (λx + (1 − λ)y) ≤ λs f (x) + (1 − λ)s f (y)

for each x, y ∈ (0,∞] and λ ∈ [0, 1].

In [31], Varos̆anec even more widespread these concepts.

Definition 2.4. Let h : J → R a function non negative and identically nonzero, defined on an interval J ⊂ R,
with (0, 1) ⊂ J. We shall say that a function f : I → R , defined on an interval I ⊂ R, is h−convex if f is non
negative and the following inequality holds

f (tx + (1 − t) y) ≤ h (t) f (x) + h (1 − t) f (y) .

We can see, from this definition, that

1. If h(t) = 1 then an h− convex function f is a P−function.
2. If h(t) = ts, s ∈ (0, 1] then an h−convex function f is an s−function.
3. If h(t) = ts, with s = −1 then an h−convex function f is a Godunova-Levin function.

In [? ], Sarikaya et. al. established a new Hadamard-type inequality for h− convex functions.

Theorem 2.5. Let f ∈ S X(h, I), a, b ∈ I with a < b and f ∈ L1([a, b]). Then

1
2h(1/2)

f
(

a + b
2

)
≤

1
b − a

∫ b

a
f (x)dx ≤ ( f (a) + f (b))

∫ 1

0
h(t)dt (4)

With B(H) we shall denote the C∗−algebra commutative of all bounded operators over a Hilbert space
H with inner product 〈, 〉 . Let A be a subalgebra of B(H). An operator A ∈ A is positive if 〈Ax, x〉 ≥ 0 for
all x ∈ H. OverA there exists an order relation by means

A ≤ B if 〈Ax, x〉 ≤ 〈Bx, x〉

or
B ≥ A if 〈Bx, x〉 ≥ 〈Ax, x〉

for A, B ∈ A self-adjoint operators and for all x ∈ H.
The Gelfand map established a ∗−isometrically isomorphism Φ between the set C(S p(A)) of all conti-

nuous functions defined over the spectrum of A,denoted by S p(A), and the C∗−algebra C∗(A) generated by
A and the identity operator 1H over H as follows:

For any f , g ∈ C(S p(A)) and α, β ∈ C (Complex numbers) we have
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Φ (α f + βg) = αΦ (A) + βΦ(B)

Φ ( f g) = Φ (A) Φ(B) and Φ
(

f
)

= Φ ( f )∗

‖Φ ( f )‖ = ‖ f ‖ := sup
t∈S p(A)

| f (t)|

Φ ( f0) = 1H and Φ ( f1) = A, where f0(t) = 1 y f1(t) = t for all t ∈ S p(A)

with this notation we define
f (A) = Φ ( f )

and we call it the continuous functional calculus for a self-adjoint operator A.
If A is a self-adjoint operator and f is a continuous real valued function on S p(A) then

f (t) ≥ 0 for all t ∈ S p(A)⇒ f (A) ≥ 0

that is to say f (A) is a positive operator over H. Moreover, if both functions f , g are continuous real valued
functions on S p(A) then

f (t) ≥ g(t) for all t ∈ S p(A)⇒ f (A) ≥ g(A)

respect to the order in B(H).

In [9], we can find the following definition

Definition 2.6. A real valued continuous function f over an interval I is said operator convex if

f (tA + (1 − t)B) ≤ t f (A) + (1 − t) f (B)

in the operator order for t ∈ [0, 1] and for every self-adjoint operator A y B on a Hilbert space H whose
spectra are contained in I.

and with this, Dragomir, in Theorem 1, in [9], proved a Hermite-Hadamard type inequality

f
(A + B

2

)
≤

∫ 1

0
f (tA + (1 − t)B)dt ≤

f (A) + f (B)
2

for a operator convex functions of self-adjoint positive operators in a Hilbert space H.
Ghazanfari [12] defined operator s−convex function in this way.

Definition 2.7. Let I be an interval in [0,∞) y K a convex subset of B(H)+. A continuous function f : I → R
is said to be operator s−convex on I for operators in K if

f ((1 − λ) A + λB) ≤ (1 − λ)s f (A) + λs f (B)

in the operator order in B(H), for all λ ∈ [0, 1] and for every positive operator A and B in K whose spectra
are contained in I and for some fixed s ∈ (0, 1] .

With this definition he proved that

2s−1 f
(A + B

2

)
≤

∫ 1

0
f (tB + (1 − t)A)dt ≤

f (A) + f (B)
s + 1

for an operator s − convex function for operators in K.
Dragomir in [30] introduced an even more general definition of operator convex functions.
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Definition 2.8. Let J be an interval include in R with (0, 1) ⊂ J. Let h : J → R be a non negative and
identically nonzero function. We shall say that a continuous function f : I → R , defined on an interval
I ⊂ R, is an operator h−convex for operators in K if

f (tA + (1 − t) B) ≤ h (t) f (A) + h (1 − t) f (B)

for all t ∈ (0, 1) and A, B ∈ K ⊆ B(H)+ such that S p(A) ⊂ I and S p(B) ⊂ I.

With this concept he presented some results involving operators h−convex functions. The first of them
is located as Lemma 2.3 in [30] and it involves the associated function ϕ. The second is the Theorem 2.4 in
[30], which establishes the Hermite-Hadamard type inequality for operator h−convex functions.

Lemma 2.9. If f is an operator h−convex function then
ϕx,A,B(t) = 〈( f (tA + (1 − t)B)x, x)〉
for x ∈ H with ‖x‖ = 1 is an h−convex function over (0, 1)

Theorem 2.10. Let f be an operator h−convex function. Then

1
2h(1/2)

f
(A + B

2

)
≤

∫ 1

0
f (tB + (1 − t)A)dt ≤ ( f (A) + f (B))

∫ 1

0
h(t)dt (5)

3. Main Results.

Let 0 < x1 ≤ x2 ≤ ... ≤ xn be real numbers and let wk (1 ≤ k ≤ n) be positive weights associated with
these xk and

∑n
k=1 wk = 1.

From now on, let h : J → R be a nonnegative function defined over an interval J ⊂ R such that (0, 1) ⊂ J.

Lemma 3.1. Let f : I → R a positive and h−convex function, then we have

f (x1 + xn − xk) ≤ M ( f (x1) + f (xn)) − f (xk)

for any xk ∈ I, (1 ≤ k ≤ n) , and for all λ ∈ (0, 1) ,where

M = sup {h(t) : t ∈ (0, 1)} .

Proof:
Write yk = x1 + xn − xk. Then x1 + xn = xk + yk so that the pairs x1, xn and xk, yk posses the same midpoint.
Since that is the case, there exists a λ such that

xk = λx1 + (1 − λ)xn

yk = (1 − λ)x1 + λxn

where 0 ≤ λ ≤ 1 and 1 ≤ k ≤ n. Then, applying the h-convexity of f

f (yk) ≤ h(1 − λ) f (x1) + h(λ) f (xn)
= h(1 − λ) f (x1) + h(λ) f (xn) + h(λ) f (x1) + h(1 − λ) f (xn) − (h(λ) f (x1) + h(1 − λ) f (xn))

= (h(λ) + h(1 − λ)) ( f (x1) + f (xn)) − (h(λ) f (x1) + h(1 − λ) f (xn))

≤ (h(λ) + h(1 − λ)) ( f (x1) + f (xn)) − f (λx1 + (1 − λ)xn)
≤ M ( f (x1) + f (xn)) − f (λx1 + (1 − λ)xn)
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where M = sup {h(t) : t ∈ (0, 1)} . And since yk = x1 + xn − xk, we have

f (x1 + xn − xk) ≤ M ( f (x1) + f (xn)) − f (xk).

The proof is complete.

Theorem 3.2. Let f : I ⊂ R+ → R a positive and h−convex function, and let 0 < x1 ≤ x2 ≤ ... ≤ xn be real
numbers in I, and wk, (1 ≤ k ≤ n) positive numbers such that

∑n
k=1 wk = 1. Then we have

f

x1 + xn −

n∑
k=1

wk xk

 ≤ M ( f (x1) + f (xn)) −
n∑

k=1

h(wk) f (xk)

where M = sup {h(t) : t ∈ (0, 1)} .

Proof:
Since

∑
wk = 1 we have

f

x1 + xn −

n∑
k=1

wk xk

 = f

 n∑
k=1

wk(x1 + xn − xk)


and applying the h−convexity of f

f

x1 + xn −

n∑
k=1

wk xk

 ≤ n∑
k=1

h(wk) f (x1 + xn − xk)

and using Lemma 3.1 we have

f

x1 + xn −

n∑
k=1

wk xk

 ≤

n∑
k=1

h(wk) f (x1 + xn − xk)

≤

n∑
k=1

h(wk)
[
M ( f (x1) + f (xn)) − f (xk)

]
≤ M ( f (x1) + f (xn)) −

n∑
k=1

h(wk) f (xk)

where M = sup {h(t) : t ∈ (0, 1)} .

Remark 3.3. If h(t) = t we have
M = sup {h(t) : t ∈ (0, 1)} = 1

so the inequality in Theorem 3.2 takes the form

f

x1 + xn −

n∑
k=1

wk xk

 ≤ f (x1) + f (xn) −
n∑

k=1

wk f (xk)

and it coincides with the result showed by Mercer in Theorem 1.2 in [25].
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Remark 3.4. If h(t) = ts, (0 < s ≤ 1) we have

M = sup {ts : t ∈ (0, 1)} = 1

an so, for s−convex functions we have

f

x1 + xn −

n∑
k=1

wk xk

 ≤ f (x1) + f (xn) −
n∑

k=1

ws
k f (xk).

Corollary 3.5. Let A1, A2, ..., An ∈ B(H) be self-adjoint operators with spectra in [a, b] for some scalars
a < b and wk, (1 ≤ k ≤ n) positive numbers such that

∑n
k=1 wk = 1. Then

f

A1 + An −

n∑
k=1

wkAk

 ≤ M ( f (A1) + f (An)) −
n∑

k=1

h(wk) f (Ak)

where M = sup {h(t) : t ∈ (0, 1)} .

Proof:
Following the scheme of proof corresponding to Theorem 3.2, we find the desired result.

In what follows we assume that H and K are Hilbert spaces, B(H) and B(K) are C∗−algebras of all
bounded operators on the appropriate Hilbert space and P[B(H),B(K)] is the set of all positive linear maps
from B(H) to B(K). We denote by C([a, b]) the set of all real valued continuous functions on an interval
[a, b].

Theorem 3.6. Let h be a super-additive function and A1, A2, .., An ∈ B(H) be self-adjoint operators with
spectra in [a, b] for some scalars a < b and Φ1,Φ2, ..,Φn ∈ P[B(H),B(K)] positive linear maps with∑n

i=1 Φi(IH) = IK . If f ∈ C([a, b]) is an operator h−convex on [a, b] then

f

aIK + bIK −

n∑
i=1

Φi(Ai)

 ≤ f (a)h(IK) + f (b)h(IK) −
n∑

i=1

Φi ( f (Ai)) .

Proof:
Since f is continuous and operator h−convex then the function g : [a, b]→ R defined by g(t) = f (a+b−t), t ∈
[a, b] is continuous and h−convex too. Note that

t − a
b − a

∈ [0, 1] ,
b − t
b − a

∈ [0, 1]

and
t − a
b − a

+
b − t
b − a

= 1

for all t ∈ [a, b] . Furthermore

t − a
b − a

b +
b − t
b − a

a =
1

b − a
(bt − ab + ab − ta)

=
1

b − a
(b − a) t

= t
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for all t ∈ [a, b] .
Since f is continuous and h−convex then the function g : [a, b] → R defined by g(t) = f (a + b − t), t ∈

[a, b] is continuous and h−convex too. Hence

f (t) = f
(

t − a
b − a

b +
b − t
b − a

a
)
≤ h

( t − a
b − a

)
f (b) + h

(
b − t
b − a

)
f (a)

g(t) = g
(

t − a
b − a

b +
b − t
b − a

a
)
≤ h

( t − a
b − a

)
g(b) + h

(
b − t
b − a

)
g(a)

Since aIH ≤ Ai ≤ bIH , (i = 1, 2, .., n) and
∑n

i=1 Φi(IH) = IK , it follows that aIK ≤
∑n

i=1 Φi(Ai) ≤ bIK .
Now, using the functional calculus, we have

g

 n∑
i=1

Φi(Ai)

 ≤ h
(∑n

i=1 Φi(Ai) − aIK

b − a

)
g(b) + h

(
bIK −

∑n
i=1 Φi(Ai)

b − a

)
g(a)

using the definition of g we can rewrite

f

aIK + bIK −

n∑
i=1

Φi(Ai)

 ≤ h
(∑n

i=1 Φi(Ai) − aIK

b − a

)
f (a) + h

(
bIK −

∑n
i=1 Φi(Ai)

b − a

)
f (b)

= h
(∑n

i=1 Φi(Ai) − aIK

b − a

)
f (a) + h

(
bIK −

∑n
i=1 Φi(Ai)

b − a

)
f (b)

+h
(

bIk −
∑n

i=1 Φi(Ai)
b − a

)
f (a) + h

(∑n
i=1 Φi(Ai) + aIk

b − a

)
f (b)

−

(
h
(

bIk −
∑n

i=1 Φi(Ai)
b − a

)
f (a) + h

(∑n
i=1 Φi(Ai) + aIk

b − a

)
f (b)

)
=

(
h
(∑n

i=1 Φi(Ai) − aIK

b − a

)
+ h

(
bIk −

∑n
i=1 Φi(Ai)

b − a

))
f (a)

+

(
h
(∑n

i=1 Φi(Ai) − aIK

b − a

)
+ h

(
bIk −

∑n
i=1 Φi(Ai)

b − a

))
f (b)

−

(
h
(

bIk −
∑n

i=1 Φi(Ai)
b − a

)
f (a) + h

(∑n
i=1 Φi(Ai) + aIk

b − a

)
f (b)

)
using the the superadditivity property of the function of h, we get

f

aIK + bIK −

n∑
i=1

Φi(Ai)

 ≤ h
(

bIk − aIK

b − a

)
( f (a) + f (b))

−

(
h
(

bIk −
∑n

i=1 Φi(Ai)
b − a

)
f (a) + h

(∑n
i=1 Φi(Ai) + aIk

b − a

)
f (b)

)
= h(Ik)( f (a) + f (b))

−

(
h
(

bIk −
∑n

i=1 Φi(Ai)
b − a

)
f (a) + h

(∑n
i=1 Φi(Ai) + aIk

b − a

)
f (b)

)
On the other hand

f (A j) ≤ h
(

A j − aIH

b − a

)
f (b) + h

(
bIH − A j

b − a

)
f (a)
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Applying positive linear maps Φ j and summing, it follows that

n∑
i=1

Φi( f (Ai)) ≤ h
(

bIk −
∑n

i=1 Φi(Ai)
b − a

)
f (a) + h

(∑n
i=1 Φi(Ai) + aIk

b − a

)
f (b)

Now the inequality can be written like

f

aIK + bIK −

n∑
i=1

Φi(Ai)

 ≤ h(Ik) f (a) + h(Ik) f (b) −
n∑

i=1

Φi( f (Ai)).

The proof is complete.

Theorem 3.7. Let h be an integrable function and f a h−convex function on [m,M]. Then

f
(
M + m +

x + y
2

)
≤ f (M) + f (m) −

∫ 1

0
f (tx + (1 − t)y)dt (6)

≤ f (M) + f (m) − 2h(1/2) f
( x + y

2

)
and

f
(
M + m +

x + y
2

)
≤

1
y − x

∫ y

x
f (M + m − t)dt (7)

≤ f (M) + f (m) − ( f (x) + f (y))
∫ 1

0
h(t)dt

for all x, y ∈ [m,M]

Proof:
From Jensen-Mercer inequality for h−convex function (Theorem 3.2), we have

f
(
M + m −

a + b
2

)
≤ f (M) + f (m) − h (1/2) ( f (a) + f (b)) (8)

for all a, b ∈ [m,M] . Let t ∈ [0, 1] and x, y ∈ [m,M]. Let a = tx + (1− t)y and b = (1− t)x + ty, and replacing
in 8 we have

f
(
M + m −

x + y
2

)
≤ f (M) + f (m) (9)

− h (1/2) ( f (tx + (1 − t)y) + f ((1 − t)x + ty))

Integrating (9) over [0, 1] we get

f
(
M + m −

x + y
2

)
≤ f (M) + f (m) − h (1/2)

∫ 1

0
( f (tx + (1 − t)y) + f ((1 − t)x + ty)) dt. (10)

Due to ∫ 1

0
f (tx + (1 − t)y)dt =

∫ 1

0
f ((1 − t)x + ty)dt =

1
y − x

∫ y

x
f (t)dt (11)
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then, the inequality (10) takes the form

f
(
M + m −

x + y
2

)
≤ f (M) + f (m) − 2h (1/2)

∫ 1

0
f ((1 − t)x + ty)dt

and using the Hermite-Hadamard inequality for h−convex function (4)

f
(
M + m −

x + y
2

)
≤ f (M) + f (m) − 2h (1/2)

∫ 1

0
f ((1 − t)x + ty)dt

≤ f (M) + f (m) − 2h (1/2) f
( x + y

2

)
.

Now, to obtain the inequality 7 we will use the Hermite-Hadamard inequality.∫ 1

0
f (M + m − ((1 − t)x + ty))dt =

∫ 1

0
f (t(M + m − x) + (1 − t)(M + m − y))dt

≥ f
( M + m − x + M + m − y

2

)
= f

(
M + m −

x + y
2

)
In the other hand, using the Jensen Mercer inequality for h−convex function (Theorem 3.2)

f (M + m − ((1 − t)x + ty)) ≤ f (M) + f (m) − (h(t) f (x) + h(1 − t) f (y))

Integrating over [0, 1] and having account that∫ 1

0
h(t)dt =

∫ 1

0
h(1 − t)dt

we get ∫ 1

0
f (M + m − ((1 − t)x + ty))dt ≤ f (M) + f (m) −

∫ 1

0
(h(t) f (x) + h(1 − t) f (y)) dt

= f (M) + f (m) − ( f (x) + f (y))
∫ 1

0
h(t)dt

In consequence, from (11),(12) and (12) we get

f
(
M + m +

x + y
2

)
≤

1
y − x

∫ y

x
f (M + m − t)dt

≤ f (M) + f (m) − ( f (x) + f (y))
∫ 1

0
h(t)dt.

Remark 3.8. If h(t) = t, t ∈ [0, 1] we have, from inequality (6),

f
(
M + m +

x + y
2

)
≤ f (M) + f (m) −

∫ 1

0
f (tx + (1 − t)y)dt

≤ f (M) + f (m) − f
( x + y

2

)
,
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and from inequality (7), we get

f
(
M + m +

x + y
2

)
≤

1
y − x

∫ y

x
f (M + m − t)dt

≤ f (M) + f (m) −
1
2

( f (x) + f (y)) ,

which correspond to convex functions. If h(t) = ts, t ∈ [0, 1] , (0 < s ≤ 1) we have, from inequality (6),

f
(
M + m +

x + y
2

)
≤ f (M) + f (m) −

1
2s+1

∫ 1

0
f (tx + (1 − t)y)dt

≤ f (M) + f (m) − f
( x + y

2

)
,

and from inequality (7), we get

f
(
M + m +

x + y
2

)
≤

1
y − x

∫ y

x
f (M + m − t)dt

≤ f (M) + f (m) −
1

s + 1
( f (x) + f (y)) ,

which correspond to s−convex functions in second sense. Finally, if h(t) = 1, t ∈ [0, 1] , we have, from
inequality (6),

f
(
M + m +

x + y
2

)
≤ f (M) + f (m) −

∫ 1

0
f (tx + (1 − t)y)dt

≤ f (M) + f (m) − f
( x + y

2

)
,

and from inequality (7), we get

f
(
M + m +

x + y
2

)
≤

1
y − x

∫ y

x
f (M + m − t)dt

≤ f (M) + f (m) − ( f (x) + f (y)) ,

which correspond to P−convex functions.

Theorem 3.9. Let h be an integrable function and f a h−convex function on [m,M] , then∫ 1

0
f (M + m − (tΦ(A) + (1 − t)Φ(B)) dt ≤ f (M) + f (m) − (Φ( f (A)) + Φ( f (B))

∫ 1

0
h(t)dt (12)

and

f
(
M + m −

Φ(A) + Φ(B)
2

)
≤ 2h(1/2)

∫ 1

0
f (M + m − tΦ(A) − (1 − t)Φ(B)) dt (13)

for all self-adjoint operators A, B with spectra in [m,M] and a unitary positive linear map . Furthermore, if
f is operator h−convex, then

f
(
M + m −

Φ(A) + Φ(B)
2

)
≤

∫ 1

0
f (M + m − (tΦ(A) + (1 − t)Φ(B))) dt (14)

≤ f (M) + f (m) − (Φ( f (A)) + Φ( f (B))
∫ 1

0
h(t)dt
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Proof:
Using the Jensen Mercer inequality for operator h−convex function we have∫ 1

0
f (M + m − (tΦ(A) + (1 − t)Φ(B)) dt ≤

∫ 1

0
f (M) + f (m) − h(t)Φ( f (A)) − h(1 − t)Φ( f (B))dt

= f (M) + f (m) − (Φ( f (A)) + Φ( f (B))
∫ 1

0
h(t)dt

this corresponds to 12. Using Jensen Mercer inequality

f
(
M + m −

Φ(A) + Φ(B)
2

)

= f
(

M + m − tΦ(A) − (1 − t)Φ(B) + M + m − (1 − t)Φ(A) − tΦ(B)
2

)
≤ h(1/2)

[
f (M + m − tΦ(A) − (1 − t)Φ(B)) + f (M + m − (1 − t)Φ(A) − tΦ(B))

]
Integrating over [0, 1]

f
(
M + m −

Φ(A) + Φ(B)
2

)
≤ 2h(1/2)

∫ 1

0
f (M + m − tΦ(A) − (1 − t)Φ(B)) dt

which corresponds to the left side of 14. The second is clear.

Remark 3.10. If h(t) = t, t ∈ [0, 1] we have, from inequality (14),

f
(
M + m −

Φ(A) + Φ(B)
2

)
≤

∫ 1

0
f (M + m − (tΦ(A) + (1 − t)Φ(B))) dt

≤ f (M) + f (m) −
1
2

(Φ( f (A)) + Φ( f (B))

which corresponds to convex functions. If h(t) = ts, t ∈ [0, 1] , (0 < s ≤ 1) we have, from inequality (14) ,

f
(
M + m −

Φ(A) + Φ(B)
2

)
≤

∫ 1

0
f (M + m − (tΦ(A) + (1 − t)Φ(B))) dt

≤ f (M) + f (m) −
1

s + 1
(Φ( f (A)) + Φ( f (B))

which corresponds to s−convex functions in second sense. Finally, if h(t) = 1, t ∈ [0, 1] , we have, from
inequality (14),

f
(
M + m −

Φ(A) + Φ(B)
2

)
≤

∫ 1

0
f (M + m − (tΦ(A) + (1 − t)Φ(B))) dt

≤ f (M) + f (m) − (Φ( f (A)) + Φ( f (B)).
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4. Conclusions

In the present work we have found results that relate the classic inequality of Jensen-Mercer with the h-
convex functions, and from these, inequalities of the same type are deduced in the framework of self-adjoint
operators in Hilbert spaces. Particularized results are also shown for convex, s−convex functions in the
second sense and P−convex. This article is expected to serve as a motivation to generate other investigations
that involve other types of generalized convexity.
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